
WIS-TCI-222 Errata. March 1, 1967 

"THE ENERGY OF INTERACTION BETWEEN TWO HYDROGEN ATOMS 

BY THE GAUSSIAN-TYPE FUNCTIONS" 

by 

J..O. H i r s c h f e l d e r  and Hojing K i m  

1. 4 t h  row from bottom of page 2 should b e  read:  

t h e  energy i s  given by . . . 
2. 1st row o f  page 3 should be r ead :  

a 
Atomic i n t e g r a l s  

1st rows of page 4 and 5 should be r ead :  3.  

Continuing T a b l e  1. 

4 .  A f t e r  t h e  end of Table 1 of page 5, one should add: 

where 

func t ion .  

3 (a, c ;x) i s  t h e  c o n f l u e n t  hypergeometric 

. 
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ABS TRACT 

The interaction of two hydrogen atoms in their ground states 

is investigated with a Hirschfelder-Linnett type of wave function in 

which the exponentials are replaced by Gaussian-type functions. 

is found that the long-range interaction is not properly described 

with the functions, although the same functions reasonably approximate 

the molecular energy near the equilibrium separation. The explicit 

formulae for the atomic integrals are tabulated. 

It 
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1. Introduction 

1,2 It is a well known fact that the Gaussian-type function 

gives the simple form of integrals, which are necessary in evaluation 

of atomic or molecular energy in quantum mechanical treatments, 

Furthermore, many center integrals are easily reduced to one center 

form without elaborate manipulation. However it is known also that 

one needs a large basis set in order to attain the accuracy comparable 

to the results due to Slater-type basis set. Therefore, if one is 

interested the interaction energy of two systems, such as two 
b 
\ -  

hydrogen atoms, the Gaussian is still appealing, provided that the 

error in the molecular energy is constant practically over whole range 

of the internuclear separation R. 

There exists several calculations for the system of the t w o  

hydrogen atoms which agree with the experiment for a limited range of  

the internuclear separation R . However, there are very few theoreti- 3-6 

cal treatments which are good both for small and large separztlons. 

Especially with small number of basis functions, there i s  only m e  work 

exists, which may fall into this catagory. The work is due C i j  

Hirschfelder and Linnett . 7 

The objective of this work is to investigate the interaction 

of two hydrogen atoms with the Gaussian counterpart of the Hirsehfelder- 

Linnett function (neglecting ionic term). The results are not too 

promising, especially in long range. For small Separation, the error 

in molecular energy is reasonably small considering the extreme sim- 

plicity of the trial functions. This very fact, inconstancy of the 

error with respect to the internuclear separation R, is the greatest 



o b s t a c l e  fo r  t h e  eva lua t ion  of p o t e n t i a l  energy dependence on R. 

2 

2 .  Calcu la t ion  

For  t h e  'z> s t a t e  of t h e  hydrogen molecule ,  we eriploy 

t h r e e  Gaussian type t r i a l  func t ions ,  +! = ( 14- F a )  &(I) $&(7)  

( 4 9  

e t c .  and both &, and 2, a r e  inc reas ing ly  p o s i t i v e  i n  the same 

d i r . ec t ion  ( s e e , F i g .  1). The expec ta t ion  va lues  o f  t h e  Hamiltonians 

i s  minimized wi th  r e s p e c t  t o  ) a s  w e l l  a s  t h e  l i n e a r  parJrr,=t.r'r- gd e 

, and . The necessary  b a s i c  i n t e g r a l s  are  t a b u l a t e d  i n  

Table  1. A t  t h e  i n f i n i t e  s e p a r a t i o n ,  t h e  energy i a  glven b y ,  

. 
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Table 2 Parameters w i t h  % 

R(%) 
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, 
a. 4 E is the binding energy 

1 .  
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That i s ,  

w i th  1s Gaussian func t ion .  we d e f i n e  t h e  b inding  energy,  AE, 

a t  an i n t e r n u c l e a r  s e p a r a t i o n  R wi th  t h e  optimized energy a t  t h e  

s e p a r a t i o n  minus EM - The r e s u l t s  a r e  given i n  Tables  2 ,  3 ,  and 4 .  

Em i s  twice  t h e  v a r i a t i o n a l  energy of t h e  hydrogen atom 

3. Discussion 

I n  F ig .  2 ,  w e  p l o t  t he  binding ene rg ie s  obtained toge the r  wi th  

t h e  most l i k e l y  one. The binding ene rg ie s  a t  t h e  c a l c u l a t e d  equ i l ib r ium 

s e p a r a t i o n s  a r e :  AEC "0) =-86.67 kcal/mol a t  Req=1.553,, 

de(&) =-177.82 kcal/mol a t  Req=1.48ao, and AE(&%) 
a t  Req=1.47ao. That i s ,  AE($) and b E ( k )  overshoot  t h e  

e x a c t  one,  -109.32 kcalj'mol, and 

nea r  t h e  equ i l ib r ium sepa ra t ion  (exac t  Req=l.40ao). 

noteworthy t h a t  t h e  Gaussian func t ions  approximate t h e  t r u e  energy 

more c l o s e l y  near  t h e  equi l ibr ium s e p a r a t i o n  than a t  t h e  i n f i n i t e  

s epa ra t ion .  Indeed,  G(%) i s  -710.6 kcal /mol ,  and E&&J i s  

-7'5.0 - 1  I kzal /mcl ,  whi le  t h e  ce r r ec t  value i s  -73?.@ kcal/mol. OT? 

t h e  o t h e r  hand, t h e  Gaussians give -531.8 kcal /mol ,  f o r  che energy 

of two i n f i n i t e l y  sepa ra t ed  hydrogen atoms while  t h e  c o r r e c t  v ~ L u ~  

i s  -627.7 kcal/mol.  The f a c t  i s  i n  c o n t r a s t  t o  t h e  case  of SPater -  

type  func t ions  i n  which t h e  energy i s  e x a c t l y  given a t  t he  i n f i n i t e  

s e p a r a t i o n  and approximately a t  t h e  f i n i t e  Separa t ion .  

=-182.19 kcal/nol 

AE(+,) undershoots t h e  exact  one 

However, i r  is 

Although t h e  i n t r o d u c t i o n  of t he  p o l a r i z a t i o n  term i n  t h e  z 

func t ion ,  l eads  t o  t h e  s u b s t a n t i a l  energy improvement pz d i  rec  t i o n ,  

near  t h e  equ i l ib r ium s e p a r a t i o n ,  t h e  a d d i t i o n  of p and py f i lnc t i o n s  
X 

g ives  very  l i t t l e  a d d i t i o n a l . i n f l u e n c e  t o  t h e  o v e r a l l  p i c t u r e  o f  the  
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p o t e n t i a l  curve. A s  t h e  two hydrogen atoms recede  from each o t h e r ,  

AG (45 P 
va lue  near  

sha rp ly  dec reases  i n  magnitude and crosses the e x a c ~  

R=3.4a0, and j o i n s  quick ly  t o  t h e  asymptot ic  ( ze ro )  l i n e .  

The p o l a r i z a t i o n  parameter OQ of (see ~ i g .  31 h a i  t h e  

maximum value  near  R = l . O a o .  The p o s i t i v e  va lue  of 4 a t  R)  O,ita 

impl ies  t h e  ins tan taneous  mutual p o l a r i z a t i o n  of t h e  two h y d r o g ~ n  

atoms which a r i s e s  because t h e  e l e c t r o n s  r e p e l  one a n o t h e r .  I n  t n e  

ca se  of t h e  S l a t e r - t y p e  f u n c t i o n s ,  t h e  corresponding parameter 13 

p o s i t i v e  a t  R) 4.1a0. 

t h e  h igh ly  concentrated charge d e n s i t y  of t h e  Gaussisn descriprlai 

near  t h e  n u c l e i .  Furthermore the  r a t i o  @/f of .b2 C t 3 c l ' i t r % c 3  

t o  t he  assymptot ic  va lue  -2  near  

S l a t e r - t y p e  coun te rpa r t  a t t a i n s  t h e  same va lue  near  R = P U a  ( > + t -  i ; s m  

0 

The s t r i k i n g  d i f f e r e n c e  may be a t t r i m t e 3  +( ,  

R=7ao, whi le  t h e  r d t i o  of t he  

0 

Thus, the Gaussian coun te rpa r t  of t h e  HirschfePdsr-E;g-err I B ~ ~ , ~  I 3 

( a )  i s  f a i r l y  good approximation near  t h e  equilior,aa s t p a r  1r "(- : 

of the  hydrogen molecule,  bu t  

(b) i s  no t  s u i t a b l e  f o r  t h e  d e s c r i p t i o n  of  t h e  long-rd:~g& 

behavior  e 

The f a c t s  could be a guide when one uses  t h e  Gaussian b a s i s  s b t  f , r  

t h e  many-center c a l c u l a t i o n .  I n  another  words, t h e r e  1 s  opt-iriiiini 

s e p a r a t i o n  between c e n t e r s  f o r  t h e  economy of t h e  number u f  tnt. 

Gaussian-type b a s i s  func t ions .  

When one i s  i n t e r e s t e d  i n  t h e  f u n c t i o n a l  dependence of the  

i n t e r a c t i o n  energy of t h e  two hydrogen atoms a t  long range,  O;IE n t c d  

no t  conf ine  oneself  t o  t h e  t r u e  u n i t s  of t h e  energy and l eng th ,  
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S ince  t h e  i n t e g r a l s  a r i s e s  from t h e  Gaussian a r e  a l l  s impleforms,  i t  

may be a reasonable  a t tempt  t o  seek c e r t a i n  empi r i za t ion  which would 

g i v e  p l a u s i b l e  p o t e n t i a l  curve.  For i n s t a n c e ,  by a d j u s t i n g  atomic 

u n i t  of t h e  energy and l eng th ,  one can f i t  t h e  equ i l ib r ium sepa ra t ion  

and t h e  corresponding b inding  energy t o  those  of t h e  t r u e  va lues .  

However, it t u r n s  ou t  t h a t  t h e  p o t e n t i a l  curves  s o  obta ined  s t i l l  

approaches t o  t h e  assymptot ic  l i n e  too  quick ly  (see Fig .  5 and Fig. 6 ) .  

Thus w e  conclude t h a t  t h e  Gaussian func t ions  a r e  inadequate  f o r  t he  

d e s c r i p t i o n s  of t h e  long range behavior  un le s s  d r a s t i c  remedy i s  

app l i ed  through seve re  empir iza t ion  o r  use  of  t h e  l a r g e  b a s i s  s e t .  
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